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We extend vector formalism by including it in the algebra of split octo- 
nions, which we treat as the universal algebra to describe physical signals. The 
new geometrical interpretation of the products of octonionic basis units is pre- 
I sented. Eight real parameters of octonions are interpreted as the space-time 

coordinates, momentum and energy. In our approach the two fundamental 
constants, c and h, have the geometrical meaning and appear from the condi- 
Tij- I tion of positive definiteness of the octonion norm. We connect the property of 

■ non-associativity with the time irreversibility and fundamental probabilities 

in physics. 

Oh! 
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X : 1 Introduction 

Usually in physics the geometry is thought to be objective without any connection 
to the way it is observed. However, the properties of space-time (such as dimen- 
sion, distances, etc.) are just reflections of the symmetries of physical signals we 
receive. Analyzing signals our brain can operate only via the classical associations 
and numbers. Algebras closely relates to the physical measurements, which consists 
not only with the actual receiving of signals, but with perceiving this signals to form 
the data as well. So we can introduce some kind of anthrophic principle in math- 
ematics, which means that investigating the algebras we study the way our brain 
abstracts physical observations. For example, algebra of rational numbers expresses 
our experience that there exist some classical objects with which we can exchange 
signals and these objects do not change much during 'algebraic' operations. Any 
observable quantity, which our brain could extract from a single measurement, is 
a real number, the norm (distance) formed by the multiplication of the numbers 
corresponding to the direct and reflected signals. In general one-way signal can be 
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expressed with any kind of number, important is to have the real norm. Introduc- 
tion of some distance (norm) always means some comparison of two physical objects 
using one of them as an etalon (for example, simple counting). In the algebraic 
language all these features of our way of thinking mean that to perceive the real 
world our brain uses division algebras with the unit element over the field of real 
numbers. 

Besides of the usual algebra of real numbers there are, according to the Hurwitz 
theorem, three unique division algebras, the algebra of complex numbers, quater- 
nions and octonions PJ. Essential feature of all normed composition algebras is the 
existence of a real unit element and a different number of adjoined hyper-complex 
units. The square of the unit element is always positive while the squares of the 
hyper-complex units can be negative as well. In applications of division algebras 
mainly the elements with the negative square (similar to the complex unit i) are 
used. In this case norm of the algebra is positively defined. Using the vector-like 
elements (with the positive square) in division algebras leads to so-called split alge- 
bras having an equal number of terms with the positive and negative signs in the 
definition of their norms. 

Because of importance of 'imaginary' and vector-like elements of algebras we 
want to recall the history of their introduction 

Word 'vector' was introduced by William Hamilton for the pure imaginary part of 
quaternions, discovered by him in 1843. He did not give geometrical meaning to the 
scalar part of a quaternion but kept it to have division property of algebra. Later 
Hamilton used also the word 'versors' (meaning 'rotators') for three quaternionic 
basis units with the negative square, since he understood that such elements could be 
interpreted as representing rotation of vectors, instead of something that corresponds 
to a straight line in space. 

The algebra of Euclidean vectors was developed in 1880is by Gibbs and Heavi- 
side from Hamilton's quaternions when they tried to rewrite Maxwell's quaternionic 
equations in a more convenient form. They removed scalar part of quaternions and 
kept Hamilton's term 'vector' representing a pure quaternion. Since vectors have 
their origin in physical problems the definition of the products of vectors was ob- 
tained from the way in which such products occur in physical applications. Instead 
of the whole quaternion product (which has a scalar and a 'vector' part), Gibbs and 
Heaviside defined two different types of vector multiplications, the scalar and vector 
products. They also changed the sign from minus to plus in the scalar product, 
resulting to positive squares of basis units. This changing corresponds to a shift of 
interpretation of basis units from 'versors' to unit vectors. 

By revising the process of addition of physical vectors it was found that using the 
three unit orthogonal basis elements e„ (n = 1, 2, 3) any vector could be decomposed 
into components. One can introduce also conjugated (reflected) vectors e^, which 
differ from e„ by the sign. The properties of scalar and vector products are encoded 
in the following algebra of the unit orthogonal basis elements 

where Snmk is fully anti-symmetric tensor. Or vice versa, we can say that postu- 
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lating the algebra one can recover the ordinary multiphcation laws of physical 
vectors. There is ambiguity in choosing of the sign of Enmk in (|H) connected with 
the exitance of the left-handed and right-handed coordinate systems. Note that 
anti-commutation of the basis units in is the result of the definition of vector 
product, and not an essential property of the vector basis elements e„ themselves. 

Introduction of vector algebra in physics was successful, however because of 
removing of the scalar part of quaternions the division operation is not defined 
for vectors. There was lost also the property of 'versors', that they are rotation 
generators and expresses not only the final state achieved after a rotation, but the 
direction in which this rotation has been performed. It is this direction of rotation 
that the standard matrix representation of the rotation group fails to give. 

It is known that Hamilton's pure quaternions are not equivalent to vectors jH]. 
For ordinary Euclidean vectors, basis elements are three orthogonal unit polar vec- 
tors, while for Hamilton's quaternions they are unit 'versors' (imaginary units) and 
with respect to coordinate transformations behave similar to axial vectors. There 
are differences also in the proprieties of their products. The product of quaternions 
is associative, while both types of vector products are not. So the division alge- 
bra, which includes the formalism of Euclidean 3- vectors, should be wider then the 
algebra of quaternions. 

In this paper we present extension of vector algebra (P) by embedding it in the 
algebra of split-octonions. In this sense our approach is a generalization of the well- 
developed formalism of geometric algebras [H IH] . Split octonions contain exactly 
three vector-like orthogonal elements needed to describe special dimensions [Hj. 

2 Octonionic Intervals 

Since their discovery in 1844-1845 by Graves and Cayley there were various attempts 
to find appropriate uses for octonions in physics [7]. Recently the assumption that 
our Universe is made of pairs of octonions become an important idea in string theory 
also [Hj . As distinct from string models in present paper we want to apply octonions 
to describe space-time geometry and not only internal spaces. 

We want to describe the physical signal s by a 8-dimensional number, the element 
of octonionic algebra, 

s = ct + x„ J" + hXnf + chul , n = 1, 2, 3 (2) 

where by the repeated indexes summing is considered as in standard tensor calculus. 
The eight scalar parameters in (j2I) we treat as the time t, special coordinates x", 
quantities A" with the dimension of the momentum"^ and u with the dimension of 
energy"^. In two fundamental constants of physics, the velocity of light c and 
Plank's constant h, are presented also [H]. 

The orthogonal basis of split-octonions (j21) is formed by the unit scalar element 
(which we denote by 1) and by three different types (totally seven) of orthogonal 
hyper-complex units: the three vector-like elements Jn, three 'versor'-like units j„ 
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and one pseudo-scalar /. Similar quantity, represented as a sum of the elements 
with the different properties, is called para- vector in Clifford algebras j^j. 
The squares of octonionic basis units 

Jl = l, £ = -1, P = l, n = 1,2,3 (3) 

are always inner products resulting unit element. However, multiplication of differ- 
ent basis units should be defined as the skew products 

JnJm JmJ'n i jnjm jmjn i Jnjm jmJn i 

JJ = -IJn , jnl = -I in ■ {n ^ m) (4) 

As distinct from the geometric algebra approaches jH |3] , here we do not need to 
introduce different types of brackets for inner and outer products, similar to the 
algebra of Euclidean vectors (Q) . 

To generate complete 8-dimensional basis of split-octonions ( 1, J", j" and I) the 
multiplication and distribution laws of only three vector-like elements J„ are needed 
(2" = 8). Then our imagination about 3-dimensional character of the space can be 
the result of existing of only three vector-like basis units. The fundamental basis 
elements J„ geometrically can be presented as the unit orthogonal Euclidean vectors 

= ^ , ^2 = t , J3 = / , (5) 

directed towards the positive directions^of x, y and z axis respectively. As for the 
vector algebra ((H), conjugated elements J„ can be understood as the reflected vectors 

Ji = -Ji=^, J2 = - J2 = I , J3 = - J3 = / . (6) 

The left multiplication of any hyper-complex element on the vector-like element 
Jn we visualize geometrically as sweeping of this element along J„. In this picture 
square of Jn means sweeping of J„ along the other J„ taking its origin to the end 
value (which is equal to 1) 

JnJn = Jn~ *" ^ *" — 1 = 1 ; 

JnTn = - J2 = — ^ X = _i ^- = "1 . (7) 

Another class of basis elements in (0) (which are dual to J") is defined as the 
skew product of two fundamental basis units J" 

in = ^tnrnkJ'^J^ ■ m, n, /c = 1, 2, 3 (8) 

The elements jn are neither a scalar nor a vector, we interpret them as bi-vectors, 
similar to jJIS]- Since = —1, bi-vectors behave like pure imaginary objects. There 
are differences, however. Here we have three anti-commuted bi-vectors and also they 
anti-commute with the vector-like objects {jnJm = — Jmjn)- We do not get behavior 
like this with complex numbers alone. The feature which imitates complexity and 
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results in "imaginary" properties of j„ is the definition of the products of J„. So 
the objects jn, similar to Hamilton's quaternionic units, are 'versors' and can be 
used to represent rotations. As for the vector products (jT)), we have ambiguity in 
choosing the sign of enmk in the relation (jHJ. In quaternionic and vector algebras this 
ambiguity is often understood as connected with the left-handed and right-handed 
coordinate systems. In our case elements j„ encodes the notion of an oriented 
plane without relying on the notion of a vector perpendicular to it. In the relation 
(jHI) we also choose positive sign, however, when considering products of octonions 
corresponding to the different signals, the ambiguity still remains and in physical 
applications could give two-value wave-functions, corresponding to the introduction 
of spin. Also the elements j„ are useful to define momentum operators similar as 
done in quaternionic quantum mechanics ^Hj. This is one of the justifications of 
appearance of Plank's constant in the definition (j21). 

We want to visualize jn geometrically as the orientated planes obtained by the 
sweeping of the second fundamental vector in the definition (jSJ along the first. For 
example, 

j3 = J1J2 = ^ X t = tr;. = — ^. (9) 

Changing the order of vectors in Q reverses the orientation of the plane 

J2J1 =-j3= t X ^ = = r . (10) 

Analogously for other two bi-vectors ji and j2 we find 

J1J3 = -J2 = — ^ X / = = ~7, 

J,J,=j,= t X / = j/t = /I. (11) 

In our geometric approach sub-algebra of products of the only two vector-like units 
Jn can be easily found from the rotation of the figures 0, (jlOj) and (jlip . For 
example, the commutation laws 

J1J2 = J2'Ji = 'J1J2 = J2J1 ) (l^) 

have the geometrical interpretation as the rotations of the figure in the {x — y)- 
plane 

^=1 =f— = L. (13) 

Analogously the laws ^ ^ ^ ^ 

J2J1 = J1J2 = J2J1 = J1J2 , (14) 

correspond to the rotations of the oppositely orientated figure (fTnjl . 

r=— ^ = j = *— . (15) 

With the similar rotations of (|lip in the (x — z)- and (y — z)-planes we recover binary 
products of all three vector-like basis units J„ and their conjugates Jrh' 
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Non-associativity of octonions, which results in non-equivalence of left and right 
products for the expression containing more then two basis units J„, physically can 
be interpreted as the causality. To the direction from the past to the future we 
correspond one orientation of multiplication, for example the left product. 

To find the expression of products of jn on Jm we can use the property of al- 
ternativity of the octonions. In the language of basis elements alternativity means 
that in the expressions of the multiplication of several basis units, where only two 
different fundamental basis elements are involved, the order of products is arbitrary. 
Physically this means that for the physical processes taking place in a single plane 
time is reversible. So products of J" and j"^ (when n ^ m) can be defined as 

Jnjm ^nmkJ • (-^6) 

The products of J„ by jm we visualize geometrically as rotations of the vectors J„. 
For example, left product of on (or Ji) is the operation meaning that applied 
to (or Ji) rotates it clockwise by 7r/2 in the {x — ?/)-plane, resulting to (or 
-J2) 



hJ2 = (^1^2)^2 = Ji= — * X t = |r>t =— ^, 

J3J1 = iJiJ2)Ji = -J2=—^ X = f ^ ~^ = ^ ■ (1'^) 

Right products of J„ by jm {n ^ m) can be considered as anti-clockwise rotations, 
or alternatively as the left sweepings of the oriented planes jn along the vectors J^. 
For example, to the products reverse to (jl7|) correspond 

Jliz = Jl{JlJ2) = — ^ X — * = - ^ — = T , 

-/2J3 = ^2(^1 ^2) = t X— * = ^^t=-^. (18) 

Pictures similar to ()17|) and (fTEj) we can paint also in the (x — z)- and {y — 2)-planes. 

The seventh octonionic basic element I (dual to the scalar unit 1) we treat as 
oriented 3- vector, maximal multi- vector generated by three elements J". We define 
/ as the left product of all fundamental vectors J„, 

I Jnjn jnJn • (-^9) 

There is no summing in this formula. From ()19|1 we see that / has the three equiv- 
alent representations 

/ = Jiii = J2J2 = hh , (20) 

which can be understood as the expression of the volume invariance. The element 
/ can be visualized as 3-dimensional oriented cube obtained by the sweeping of 
oriented plane jn along the vector J„. For example, 

/ = JiJi = MJ2J3) = ^ X ^ =4^ = J^] . (21) 
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The other two equivalent representations of / 



j2Wi) = j2]2= t xz;. =4^, 

^3(^1^2) = hn = / X — ^ = Zi , (22) 

correspond to the different rotations of the figure (PT|) . 

Oppositely orientated 3-cubes are received by the left products of j„ on J^- 
When n ^ m similar left products of jVi on Jm we had interpreted as the rotation of 
Jm- However, when n = m these elements 'align', j„ can't rotate J„ and we visualize 
this product as attaching of J„ by j„ 

JlJl = {J2h)Jl = 4 X ^ = >1_ , 

J2J2 = Wi)J2 = X t =^ , (23) 

J3J3 = {JlJ2)-h =—^ X / = . 

The essential property of octonions, non-associativity, is the direct result of vol- 
ume invariance requirement (|^n|). Indeed, 



^1(^2^3) - (^1^2)^3 = ^lii - JiJ?. = 2I = n -/^ = jL\i'0 ^ (24) 

Non-associativity is another property which shows that the octonionic fundamental 
basis units J" are similar to the ordinary 3- vectors, having non-associative products 
also. 

Adopting non-associativity at the same time we need the rules to receive 
definite results for products of all seven octonionic basis units and their conjugates 
to form octonionic algebra. This requirement forces us to introduce special rule 
for opening of brackets in product of the vector-like elements J" and the 'versor'- 
like elements with the seventh basis unit /. The products of J" and with 
I = {Jmjm) when n = m, because of alternativity, gives 

However, when n ^ m these products contains all three fundamental basis units. If 
we ignore orientated feature of the products and will try to remove the brackets, then, 
because of anti-associativity pljl . this products become two- valued. For example. 



M = (j,,,W = H=(^;;');^^^' = +^" (26) 

y-j2[J2Ji) = J2J3 = -ji ■ 

From this relation we conclude that we should introduce negative sign when remov- 
ing the brackets and multiply different kinds of basis units J" and j™. Then in the 
first case of the relation (j2Sl), because of the product 32 Ji, extra minus arises and 
both cases give the same result —ji. Using this rule of opening of brackets, the 
explicit calculation of the square of seventh basis unit becomes single valued for any 
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representation from ()2U|) and we receive P = 1. However, for the octonionic prod- 
ucts for different physical signals this ambiguity remains and possibly corresponds 
to the quantum probabilities and some kind of spin. 

Note that, as for ordinary vectors (0), anti-commuting features of octonionic 
units is not the property of the basis elements but their binary products. So in 
the expressions of the products of jn with jm we should not remove all brackets 
immediately leading to the mixing of four vector-like basis units. We should consider 
binary product of jn with one of the vector-like element Jk forming jm and then with 
the second one, that gives the definite result 

3k = -\ekn^rr ■ (27) 

As above we interpret the left product by jn as the clockwise and right product as 
the counter-clockwise rotations. Then the example of geometrical interpretation of 
^ is 

JsJi = -j2=— ^x^=^r>^=^r— ^=^. (28) 

Similar pictures we have for two other products j^ja = —ji and jij2 = — js- 

Conjugations, when the vectors J„ change their directions on the opposite, re- 
verse also the order of elements in any given expression (physically this means the 
replacing of causes by the results) 

Jn Jn 1 

jn "^^nrnkJ^^J^ '^^nmkJ^J^ jn i (^9) 

I Jnjn j nJn I • 

Finally the formulae (jH), (HEl), ((221) and (jSHI) give multiphcation 

table of all basis elements and thus form the algebra of split-octonions. 
The 'square length' (norm) of a para- vector or (jSH), 

s2 = cH'' - x„x" + h^KV - c^h^uj'' , (30) 

has (4+4)-signature and in general is not positively defined. A split-octonion does 
not have an inverse when its norm ()30|) is zero. To the two critical rotations, in 
the planes (t — x), or (A — uj) and {t — uj), or (x — A), we had corresponded the 
two different universal constants c and in It marks an important departure 
from the Euclidean space and shows that split-octonions can be used for study of 
properties of the real space-time. In the classical limit h ^ Q the expression (IHU]) 
reduces to the ordinary formula for space-time intervals. 

Using the multiplication laws a unique mapping of coordinates of any event 
into octonion algebra can be equivalently determined as 

s = c{t + hluj) + J„(x" + hlX') . (31) 
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From this formula we see that pseudo-scalar / introduces the 'quantum' term cor- 
responding to some kind of uncertainty of space-time coordinates. This terms dis- 
appear in the classical limit ^ — 0. Note that physical limits on masses of reference 
systems cause uncertainties even for large distances [TT] . 

Differentiating (jHT|) by the proper time r the proper velocity of a particle can be 
obtained 

_ = _ c 1 + hi— ] + Jul ^ + hi— . (32) 
dr drl \ dt ) " \ dt dt J \ ^ ^ 

From this formula we see that for the critical signals corresponding to zero norm 
dnOl) we have the following relations 



d 



ih- 



d_ 



duo dt 



(33) 



that is similar to introduction of energy and momentum operators in quantum me- 
chanics. 

The invariance of the norm (|3(jp gives the relation 



dr 



dx"- 



(34) 



where 



dt dt 

is the velocity measured by the observer (jHT|) . So the Lorentz factor ()34|) contains 
extra terms and the dispersion relation in the (4+4)-space has a form similar 
to that of double-special relativity models [T^J. 

From the requirement to have the positive norm (|3(J|) from (j34j) we receive several 
relations 

v'<c\ ^>h, ^>h. (36) 

Recalling that A and u have dimensions of momentum"^ and energy^^ respectively, 
we conclude that uncertainty principle probably has the same geometrical meaning 
as the existence of the maximal velocity jB]. 

So some characteristics of physical world (such as dimension, causality, maximal 
velocities, quantum behavior, etc.) possibly connected with the using of normed 
split algebras, or with our way of apprehend of reality. 



3 Conclusion 

In this paper we wanted to introduce some kind of anthrophic principle in mathe- 
matics: some characteristics we usually attributed to physical world connected with 
our way to apprehend reality. To have advantages of division algebras we suggested 
to extend vector formalism by embedding it in the algebra of split-octonions. 
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Our approach is related with the geometric algebras ^ |3] in the sense that we also 
emphasized the geometric significance of vector products and avoided matrices and 
tensors. In distinct from these models we used non-associative oriented products and 
tried to give the physical interpretation to this property. Non-associativity, which 
results in difference of left and right products (what we correspond to causes and 
effects) could mean time irreversibility. Also, since the result of product of several 
octonions is not single valued, there should appear fundamental probabilities in 
calculations of physical processes if they are done by octonions. 

We connected eight real parameters of octonions with the space-time coordi- 
nates, momentum and energy. To generate complete basis of split-octonionic the 
multiplication and distribution laws of only three vector-like elements are needed, 
that could result in our imagination about 3-dimensional character of the space. We 
found the Minkowski metric as the natural metric of octonionic space in the classical 
limit h ^ 0. 
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